. In tr o d u c tio n
Let f : M -> Nb e a smooth map between Riemannian manifolds (M, g) and ( , h). The energy of the map / is defined by By the principle of symmetric criticality (Palais 1979) , the solutions of this equa tion are the critical points of the energy functional (1.1), and therefore determine harmonic maps. The reduced model is invariant under the discrete transformations / -> / + me and f -* -f . To get partially rid of t configuration space C of equivalence classes defined by ~ iff cos / = cos / . Note th at in C the two functions / and f = tt -f are considere I am interested in solutions of equation (1.4) for which the energy density P / /2 + 2 sin2/ sin2 ijj (1.5) P. Bizoii is everywhere finite. Such solutions will be referred to as regular. In C there are two trivial regular solutions, namely the vacua f 0 = 0 and / 0 = 7r, for which the energy (1.3) attains the global minimum E 0 = 0. To my knowledge, the only non-constant regular solution of equation (1.4) known in literature is the identity map f = ip of degree one (and map / = n -of degree minus one). In this paper I shall prove th at equation (1.4) has a countable family of regular solutions of degree zerof and of degree one, which will be referred to as even and odd solutions, respectively. For even solutions /W O = / W -V0> (L 6 ) while for odd solutions / W 0 = 7 r -/ ( 7 r -V O -(L 7 )
N u m e r ic a l r esu lts
In order to analyse solutions of equation (1.4), it is convenient to introduce a new independent variable x = ln (tan (^/2 )), which changes from -oo (for ^ = 0) to +oo (for 'ip = 7r), and define h = f -In terms of these variables, equa
Under the reflection x -> -x, even solutions are symmetric h(x) = while odd solutions are antisymmetric h(x) = -h (-x equation (2.1) for x^ 0. The formal power series expansion near solutions is h(x) -bx + 0 ( x 3) , (2.2) and for even solutions
3) Since x = 0 is a regular point of equation (2.1), these power series have non-ze radii of convergence and therefore define local solutions near = 0.
For regular solutions, the asymptotic behaviour near oo is (see the Appendix) ± h{x) = -|7r + I have integrated equation (2.1) numerically using a standard shooting procedure for solving two-point boundary value problems (Press et al. 1992) . The idea of this method is to find such initial data (2.2) or (2.3) th at give rise to correct asymptotic behaviour (2.4). Below I describe the results for odd solutions, i.e. the initial con dition (2.2) (the behaviour of even solutions is analogous). For 1, the function h(x) increases monotonically, crosses h = |7r at s for x -► oo. As b -> b\ = 1 , the point X\ moves to +oo and for 1 one gets the first odd solution h\. Actually, this solution is nothing but the identity map hi = -+ 2 ta n _1(ex). This is the only solution which is known analytically. For b slightly below unity, the function h(x), after reaching a maximum, monotonically de creases to -oo, crossing h = -î r at some x 3. As -> 63 = 0.296 9 moves to +oo. The value 63 corresponds to the second odd solution /t3. As decreases to zero, this behaviour repeats itself, i.e. there is a countable decreasing sequence of initial values bn > 0 (n odd) for which the solution hn(x), staying within the st (-|7T, 17r), oscillates | ( n -1) times around 0 and goes to 00) = (-l ) n_1//2|7r. Similarly, there is a countable set of initial values dn defining even solutions. Both for odd and even solutions, the index n is equal to the number of zeros of hn (x) .
The numerical results are displayed in tables 1-4 and figures 1-3. In tables 3 and 4, the symbol x£ denotes the location of the kth. non-negative node of hn{x) aesthetic reasons, in figures 1 and 2, I have used the symmetry h{x) -> -h(x) to have the same asymptotics at infinity for all solutions. 
Large n b eh a v io u r
For large n the numerical data exhibit a striking self-similar behaviour and the solutions seem to converge to some limiting configurationf. In order to understand this remarkable feature, it is helpful to distinguish three characteristic regions. In the inner region (I), 0 ^ x < 1, the solution hn{x) is small and the approximated by the solution of the linearized equation
Thus, in this region,
where the functions 9\{x) and 9 2 ( x )s olve equation (3.1) wit (<?i(0) = 0, 0i(O) = 1) and (#2(0) = 1, ^(O ) = 0), respectively. As -> oo, the zeros of hn(x) tend to the zeros of the corresponding function as is shown in tables 3 and 4.
In the intermediate region (II), 1 < x< n, the solut the approximation (3.2) still holds, but in addition, since tanh a: « 1, the linearized equation (3.1) may be approximated by
Hence, in this region, the solution is quasi-periodic:
g io c where the phase < 5* depends only on whether the solution is odd = 1) or even
Finally, in the asymptotic region (III), x> n, the but is perfectly approximated by the solution of h" -Note th at equations (3.3) and (3.5) are translation invariant: if h{x) is a solution so is h{x + A), where A is a constant. Since asymptotically ± /in(x) = -7t/2 + cne~x, it follows that in regions II and III we have
where s(x ) is the solution of equation (3.5) normalized by s(x) -7t/2 + e~x for x -> oo. Now, consider two solutions hn+2 and hn. In regions II and III we obtain from (3.6)
where, to be in accord with figures 1 and 2, I have assumed th at both solutions have the same asymptotics at infinity. Since in region II the solution has one zero more than hn(x), and by equation (3.4) the distance between two adjacent zeros is equal to 27t/ a / 7, equation (3.7) implies that • Bizori manner. Namely, it follows from (3.2) th at in regions I and II
(3.10)
Combining (3.10) with (3.4), (3.7) and (3.8), we obtain (see tables 1 and 2)
< " bl _ (J2 a n + 2
K +2
Cn+2 ~ e2*/V *.
(3.11)
From this it follows in turn th at the amplitude of oscillations of a solution hn{x) in regions I and II behaves as e-mr/V7 ^ Thus, as n -> pointwise to zero for any finite x. The limiting solution (equatorial map) <*, = 0 is singular (because it fails to satisfy the boundary condition (2.4) so its energy density p diverges at north and south poles), nevertheless its energy is finite = | x 127r2. Actually, it is easy to show that is the upper bound for the energy of regular solutions. To see this let us rewrite equation (2.1) in the form
Multiplying this by h and integrating by parts yields an identity which implies that for a solution
It will be shown below th at for regular solutions \n . W ithin this range, the function F { h) = hsin(2h) + 2cos2 h has a maximum at = 0, hence the m energy is *°° dr 8tr2. while the numerical fit gives the folowing empirical formula for energy:
(3.16) (3.17)
where 7 ~ 0.526 for odd solutions and 7 ~ 0.539 for even solutions.
S ta b ility a n a ly sis
Now I turn to the stability analysis of harmonic maps described earlier. The Hes sian of the energy functional at h is which leads to an eigenvalue problem
Let £ £ (and resp. A£) denote the kth (where k = 1,2,...) eigenfunction (eigenvalue) around the regular solution hn. .2) with Aconf = -1. Morever, since, by construction, £conf has 1 nodes, it follows th at hn has at least n negative eigenvalues (Reed & Simon 1978) . Numerics shows th at Aconf = -1 is the greatest negative eigenvalue for each hn and therefore hn has exactly n unstable (S'0(3)-symmetric) modes (see table 5)f. This is a very interesting property which strongly suggests that the existence of solutions hn is due to some topological Morse-theory mechanism. This problem is currently under investigation.
It is of interest to see how the energy behaves under the action of the conformal transformation. Given any solution h, a conformally deformed configuration ha is given by ha(x) = h(x + a ) .( 4.5) For the identity solution one has h f(x ) = -|7r + 2arctan(ea:+a). This one-parameter family of conformally deformed configurations defines a path in the function space which passes through the identity solution hi for 0 and goes (non-uniformly) to f It might seem from table 5 that some eigenvalues are degenerate, in fact they form exponentially close pairs, which is a characteristic property of a double-well potential with high barrier. I thank H. Grosse and T. Hoffmann-Ostenhof for pointing this out to me.
acua h = ± \ x for a -+ ±oo. It is easy to compute the energy along this path E f 12tts 1 + cosh a ' which, of course, for small a, reproduces the linearized instability result (4.6)
Note that the path of conformally deformed configurations is the path of steepest descent of energy from the saddle at hi.
I have not studied non-symmetric (i.e. depending on angles (0,<p)) perturbations. However, it is known that the identity map h\ has exactly four unstable degenerate eigenmodes with A = -1, which are induced by four linearly independent conformal Killing vector fields on S3 (Smith 1975; Xin 1980 ).
P r o o f o f e x iste n c e
In this section a rigorous proof of existence of numerical solutions described above is given. In passing let me make the following remark.
Rem ark. As already mentioned, the asymptotic behaviour of solutions is deter mined by the autonomous system
This equation has no regular solutions; an orbit which runs into one critical saddlepoint, say {h = -\x ,h ! = 0), when propagated backwards, cannot r critical saddle-point (h = r, h! = 0) because it gets trapped by a focus at (h = 0 ,h ' = 0) and spirals infinitely many times around it. It is useful to regard th coefficient ta n h x in front of h! in equation (2.1) as a regularizing term which does not change the behaviour of orbits of equation (5.1) for large x but regulates their behaviour at x = 0 by changing the sign of the friction term at 0. Ac the observation that, for large x, equation (2.1) is the per might be a probable basis of the existence proof. However, this would require making reference to some strong results on the structural stability of the phase flowf, which I prefer not to invoke for the good reason th at the problem may be handled in a much more straightforward manner. Proof. Integrating equation (3.12) from zero to some 0 yields
Thus, h '(x )is finite for any x^ 0 and therefore h{x) is also finite.
L em m a 5.4. I f h(x) leaves the strip (-17r, \x ) , then it monotonically tends to io o .

Proof. Define the 'energy' function
W (h, h!) =
Using equation (2.1) we have
hence W is a monotonically increasing function for 0. Suppose that 0) = and h ' ( xo ) > 0 for some Proof. First note that within the strip (-17r, |7r), h(x) has no positive minima nor negative maxima, as follows immediately from equation (2.1). Thus, for sufficiently large x, the solution h(x) is monotonic (since by assumption it cannot oscillate around zero at infinity) and therefore has a limit as » • oo. This implies that oo) = 0, hence by equation (2.1) h (o o) = ± §7r or 0. To complete the proof it re that the case h (o o) = 0 is impossible. To prove this suppose that oo) = 0 and is the last extremum of h. W ithout loss of generality one may assume that h has a maximum at x 0i hence h(x) > 0 for all x^ cos h and integrate by parts from x 0 to infinity. This yields f°° Arf.
which is a contradiction unless h = 0.
Rem ark. Actually, lemma 5.5 is true without assuming th at h has a finite num ber of zeros; however, then the proof is more complicated (and th at stronger result is not needed for the proof of existence). Now, having established the elementary properties of solutions, I can proceed with the proof of existence. The main idea is taken from the proof of existence of globally regular and black hole solutions of the Einstein-Yang-M ills equations given recently by and . After , I introduce the following notation. The region r is defined by
Next, let x e( b ) be the smallest x > 0 at which define 6{x,b) by 0(0,6) = -|7r, and
The rotation number, 12(6), of the 6-orbit is given by
For d-orbits, the definitions are analogous except th at d(0, d) = 0. Note th at for connecting orbits, 12 = |n , where an integer n is odd for 6-orbits and even for d-orbits.
The main result of this paper, that is the existence of two infinite families of harmonic maps between three-spheres, will follow from the following theorem.
T heorem 5.1. For each odd n there exists a connecting bn-orbit with 12(6n) = |n , and for each even n there exists a connecting dn-orbit with l2(dn) = |n .
For concreteness I shall present the proof of theorem 5.1 for odd solutions (the proof of existence for even solutions is completely analogous). The following technical proposition is crucial for the argument. P roposition 5.1. Given any N > 0, there is then 12(6) > N .
Proposition 5.1 is the analogue of proposition 3.5 in and its proof follows closely, with gross simplifications, the proof of th at proposition. Proposition 5.1 says that 6-orbits with sufficiently small 6 have an arbitrarily large rotation number, which is a sort of compactness property guaranteeing th at 6-orbits with bounded rotation have 6 greater than some positive constant.
Proof. In two steps. The first step is to show th at a 6-orbit stays close to the origin ( h, h') = (0,0) for bounded time provided that 6 is sufficiently small. Defin distance function p { x ,6 ) by 
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Suppose th at p ( x, b) < |7r, hence h < and therefo from equation (5.15), Step 1 Now, let 6X = inf Si. Proposition 5.1 guarantees th at bi > 0. The 6x-orbit cannot exit r via h = because the same would be true for nearby orbits with violating the definition of bi. Thus, the 6x-orbit stays in f for all > 0, which implies by lemma 5.5 that it is a connecting orbit, hence i) = It should be emphasized that this construction does not guarantee the uniqueness of the -orbit. However, we know from proposition 5.1 that the set of initial values b with Q(b) = \ is bounded from below by a positive constant, that is 6X = inf{6 : 6-orbit is a connecting orbit with 17(6) = |} > 0.
(5.19)
Rem ark. Although it is clear from numerics th at there is exactly one orbit in each rotation class (so 6X = 6X), I was not able to prove uniqueness, and consequently I have had to define such (superfluous) objects as 6X.
Step 2: Construction of the second orbit. Let us take 6 slightly smaller than 6X. Then, by the definition of 6X, we have 17(6) >
The idea (see proposition 3.4 in is to show th at the 6-orbit does not make another rotation, i.e. 17(6) < §.
Lem m a 5.8. I f6 X -e < 6 < 6X for sufficiently small e, then the exi transversally through h --\ x with | < 17(6) < | .
Proof. Let A and B label, respectively, the points at which the 6-orbit exits the first and the second quadrant of the (h, h') plane, i.e. 6/(0^(6), 6) = 0 and h(xe(6), 6) = 0 (see figure 4) . The idea (following the proof of proposition 4.8 in Smoller & Wasser man (1993) ) is to show th at the 'energy' function W (x) = + sin2 is greater than one at B, provided that the point A is close to the fixed point ( = |7r, Since W is increasing along the orbit, this will imply th at the orbit cannot cross the hyperplane
Therefore, W{xb) > W(xA) + tanhx.4 J y! 2(sin2 ~hA -sin2 6.) dh. The right-hand side of this inequality is an increasing function of x A and hA-By continuous dependence of solutions on the initial value 6 (see lemmas 5.1 and 5.3), choosing 6 sufficiently close to 6X (i.e. sufficiently small e), we can have hA arbitrarily close to |7r for an arbitrarily large x A-It is easy to check by the straightforward com putation that for, say, x A > 1 and |7r < (5.23) is greater than one, hence W (x b ) > 1, and therefore < 0 for x A-This concludes the proof of lemma 5.8. ■ In view of lemma 5.8, the set S3 = {6 : 6-orbit exits r via r with Q{b) ^ |} ,
is not empty, so we can repeat the argument of step 1. As before, define 63 = inf S3 . By proposition 5.1, 63 is strictly positive. The 63-orbit cannot exit T via because the same would be true for nearby orbits with 6 < 63, violating the definition of 63. Thus, the 63-orbit is a connecting orbit with 12(63) = §• The subsequent connecting orbits are obtained by the repetition of the above construction.
C on clu sio n s
The existence of harmonic maps between three-spheres proved in this paper raises a number of problems, varying from technical to more general in nature. In particular, we note the following.
1. Prove uniqueness of solutions in each rotation class. 2. Show that the conformal mode (4.4) corresponds to the largest negative eigen value of the eigenvalue problem (4.2). As discussed in §4, this would close the gap in the proof that the solution hn{x) has exactly n unstable modes.
3. Are the solutions special to maps between three-spheres? This question was recently studied in Bizon & Chmaj (1995) . We have found that two similar countable families of harmonic maps exist for maps S k -> S k when 3 < ^ 6, while for ^ 7 the identity hi is the only regular harmonic map solution. Allowing the parameter k to vary continuously, the bifurcation occurs at = 4 + 2\/2 (for ^ < 7 there are two solutions hi and ^2).
4. The dynamical system approach which I used in this paper gives little insight to what is the actual 'reason of existence' of solutions, by which I mean some general mechanism (preferably topological) explaining the existence of solutions in a manner largely insensitive to the details of the model. Such a mechanism was recently sug gested by Wald (personal communication). He proposed an argument involving the deformations of maps by the energy flow which relates the number of regular har monic map solutions to the number of unstable directions of the equatorial map. The argument naturally explains why the solution hn has exactly n unstable modes. It is also in perfect agreement with the bifurcation structure for harmonic maps between /c-spheres mentioned above. The extent to which this argument can be developed into a complete proof of these properties is currently under investigation. and comments. Special thanks are due to J. Smoller for his patience in explaining to me the details of his work. I also thank F. Burstall, J. Eells, L. Lemaire and J. Rawnsley for providing the information about literature on harmonic maps, and especially for convincing me th a t my harmonic maps were not known to mathem aticians. I thank the Erwin Schrodinger Institute for M athematical Physics in Vienna, where a large part of this paper was w ritten, for their hospitality. This research was supported in part by the Fundacion Federico and the KBN grant PB 750/P3/94/06. r t = 0; hence, according to lemma A.2, there exists a one-parameter family of local solutions of the system (A 6) satisfying u = c + 0 ( t 2), v = 0 ( t 2), (A 10) which, using equations (A 5) and (A 7), is equivalent to (A 2) with the plus sign on se h (o o) = follows trivially from the reflection symmetry of equation (Al) . ■
